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Abstract: The spectrum of a Polchinski-Strominger type effective string theory extended 
to all orders herein called an effective string theory of the Polyakov-Liouville Type (for 
obvious reasons), is investigated to all orders in the small parameter R~ l . Here 2ttR is the 
length of the closed string. It is established that to all orders the spectrum of this theory 
is identical to that of the free bosonic string theory. While the latter is consistent only in 
the critical dimension D c = 26, the PS- type effective string theories are by construction 
consistent in all dimensions. This work extends earlier results by Drummond, and, by Hari 
Dass and Matlock to order i? -3 . When combined with Drummond's results about absence 
of candidate actions at orders i? -4 , -R -5 , our results imply that the spectrum of all effective 
string theories coincides with that of free bosonic string theories to order R~ 5 . This agrees 
in part with some recent results by Aharony and Karzbrun. Our work is the first all order 
analysis of any effective string theory. 
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1. Introduction 

String-like defects or solitons occur in a wide variety of physical systems. Some well- 
known examples are vortices in superfluids, the Nielsen-Olesen vortices of quantum field 
theories, vortices in Bose-Einstein condensates and QCD-strings(for reviews see |l], |2|). 
Depending on the particular physical circumstances, these objects can behave quantum- 
mechanically. The challenge then is to find consistent ways of describing string-like objects 
quantum mechanically in arbitrary dimensions. It should be recalled that fundamental 
string theories are consistent only in the so called critical dimensions. Polyakov Q gave 
formulations of string theories in sub-critical dimensions; his ideas play a central role in 
what follows. It would be an overkill, and in all likelihood even incorrect, to treat the above 
mentioned string- like defects as fundamental strings. A more pragmatic approach would 
be to treat them in some effective manner much as interactions of pions are so succesfully 
described in terms of effective field theories without any pretenses about these field theories 
being fundamental at all scales. 

Two such approaches to effective string theories exist in the literature. One due to 
Luscher and collaborators is formulated entirely in terms of the D — 2 transverse 
degrees of freedom. It is a case where the gauge is fixed completely without any residual 
invariance left. This approach was further developed in [||] . The recent work of Aharony and 
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Karzbrun [17] has followed this approach in addressing the issue of spectrum of effective 



string theories to higher orders. We H 12, 16 1, along with Drummond (8|, fOJ, have on 
the other hand followed the approach pioneered by Polchinski and Strominger ||. In 
the latter approach, the theories are invariant under conformal transformations and the 
physical states are obtained by requiring that the generators of conformal transformations 
annihilate them. These too are gauge-fixed theories but with leftover residual invariances 
characterized by conformal transformations. It is worth emphasizing that the physical 
basis of both approaches is that the degrees of freedom are transverse. 

The organisation of this paper is as follows: in section ^ we give a brief introduction 
to the main features of the PS-formalism; in section || we briefly summarise earlier work 
proving the absence of the R~ 3 corrections to the spectrum of the effective theories in 
comparison to that of the free bosonic string theory |9], |K| 11, 12 1. We then show 



in section ||] how to extend to all orders the particular action that PS elaborated in their 
original work. In section |H| we compute the equations of motion (EOM) and the stress tensor 
of this extended theory to all orders. As an intermediate step to our final result we establish 
in section || several important properties of the class of stress tensors relevant to this paper; 
there we also establish some facts about field redefinitions. The field redefinitions of interest 
are shown to be benign in the sense that there are no problems of operator orderings usually 
encountered with generic field redefinitions. Issues involved with generic field redefinitions 
have been elaborated in [12]. Finally, in section [?] we prove the absence of corrections to 



all orders in comparison to the results of the free bosonic theory . We conclude, in section 
H|, by comparing our results with those recently obtained by Aharony and Karzbrun [|l7]] . 

2. Polchinski-Strominger Theory 

Here, we review the analysis given by Polchinski and Strominger ||. In what follows, we 
distinguish the field definition that they use by primed quantities. 
They begin with the action 

3 f , f d\X' ■ d-X'd+X' ■ d 2 X' , ,J 

where 



S = — l -= f dr+dr-L' = — ^ / dr+ dr~ d + X»' 'd^X ' (2.2) 



47ra 2 J 4na 2 ' + 

is the action for the free bosonic string theory and is consistent quantum mechanically 
only in D = 26 space-time dimensions. The action Sps is invariant under the modified 
conformal transformations 

S-X" = e-(r-)d-X^ - ^e-(r-) d+ d x + f X g_ x/ , (2.3) 

(and another, 5+X', with + and — interchanged) leading to the energy momentum tensor 
(which agrees with eqn(ll) of || to the relevant order) 

TL _ PS = -^d-X' ■ d-X' + A( L ' 5 2 L / _ (a _ L / )2 

+ d-X' ■ d-X'dlx' ■ d 2 _X' - d + Ld-X' ■ d 2 _X') (2.4) 
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where we have omitted terms proportional to the leading-order equation of motion, d+d-X^' 
which has a solution X^'^ = e^_Rr + + etRr~; here e 2 _ = e+ = and e+ • e_ = —1/2, 
as in §. Fluctuations around the classical solution are denoted by Y^', so that X^ 1 = 
X^'^y + Y^' ■ The energy-momentum tensor in terms of the fluctuation field is then 



T'__ = -^e.d-Y 1 - -^d-Y' ■ cLF' - |e+ • d 3 _ V + . . . (2.5) 
a z 2a z R 



Using standard techniques the spectrum of this effective theory was worked out by PS at 
the leading order. We briefly reproduce their results here in order to set the stage for the 
rest of the paper. The oscillator representation for the Virasoro generators, provided by 
d-Y^' = a Ylm=-oo am'e~ imT ~ , is given by 



L' = - e ■ a' + - V" • at -a' 



2 

m=—oc 

+ ^n-^fe + -a> n + 0(R-*). (2.6) 
It is easily verified on using the canonical commutation relations 

K/X'] =mrf v 5 m+nfi . (2.7) 

that these generators satisfy 



[L' m , L' n ] = (m - n)L' m+n + { ° (m 3 - m). (2.« 



One must add the contribution —26 from the ghosts, leading to the total central charge 
D + 12(3 — 26. Vanishing of the conformal anomaly thus requires 

A = (2.9) 

valid for any dimension D. 

The quantum ground state is \k,k;0) which is also an eigenstate of ckq and Qq with 
common eigenvalue ak^. This state is annihilated by all aJJ for positive-definite n. The 
ground state momentum is P^ n( j = 2^( e + + e ~) + k^ while the total rest energy is 



(V) 1/2 = -B-^{e + + e.)-k. (2.10) 



2a\ 

The physical state conditions L' Q = L' = 1 fix k, so that 

^ = 0, k 2 + ^(e + + e.)-k + ^ = ^-M. (2.11) 
or a z cr 

The first follows from the periodic boundary condition for the closed string which gives 
e+ — = Substituting the critical value (3 C = (26 — D)/12 one arrives at 



(V)^ = ^Wl-{^-2iV } - , (2.12) 



2 
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which is the precise analog of the result obtained by Arvis for open strings @. Here N is 
the occupation number for the excited state. 

Expanding this for the ground state and keeping only the first correction, one obtains 
for the static potential 

R D-2 

3. Absence of corrections to the spectrum at i? 3 level 
3.1 Absence of candidate actions at R~ 3 

It was already stated in || that the next candidate action term is of order R~ A . This 
being central to the issue of the spectrum, a general proof is in order. Such a proof was 
given by |8], g, [H], O, 12]. The proofs were based on a combinatoric analysis of the PS- 



algorithm for constructing effective actions. We shall not give the details here. The final 
result was that there are no candidate actions at R~ S ,R~ 4 ,R~ 5 levels. The most robust 
of these conclusions is the absence of candidate actions at R~ 3 level. The proof of absence 
of actions at R~ 4 ,R~ 5 involved making several field redefinitions whose reliability would 



need further analysis. Various issues arising out of field redefinitions were analysed in p2|. 
3.2 Absence of R~ 3 corrections to the spectrum 

The work described here §, g, |H| |ll|, @(see also U) was motivated by the high accuracy 
numerical simulations |L4|] which were based on the remarkable developments by Liischer 
and Weisz [15]. All higher corrections are determined by k 2 + + e_) • k (eqn.( f2TT0| )) 



which was calculated to leading order in eqn.(2.11). An order- R~ n correction to this results 
in order- i? - ™ -1 and higher corrections to the spectrum. As this is just a sum of the L' and 
L' conditions, the latter (equivalently T'__) need to be calculated to order- i? -2 to reach 
conclusions about the spectrum at i?~ 3 level. 

The transformation laws ( |2.3[) have a leading part linear in R; therefore, R~ 3 terms in 
the action induce R~ 2 corrections to T'__. This is why the absence of candidate actions at 
i?~ 3 -level needed to be established so carefully. Absence of such actions also means that 
T'__ in eqn.(2.4) is actually valid to order-it! -2 . We give here the expression to the desired 



order, modulo terms proportional to leading order EOM; 



4e- ' d-Y' - -^cLY' • dJY' - • 8 3 
a 2 2o 2 R + ~ 



-^[2(e+ • d 2 _Y') 2 + 2e+ • «9 3 Y\e+ ■ d-Y' + e_ • d+Y') 

+2e_ • a 2 y'e_ • d\Y' + d+Y' ■ d 3 _Y'\. (3.1) 

We now point to an issue with this equation; this is a recurring issue with all effective 
actions and will be seen to play an important role later in this paper too. The T'__ of 
eqn. (|3.l| ) does not seem holomorphic because of the +- derivative terms occurring in it. But 
T'__ satisfies d+T'__ = on- shell. The resolution lies in the fact that the solution of the full 
equation of motion can no longer be split into a sum of holomorphic and antiholomorphic 
pieces ||. 
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The relevant EOM to order R 3 is given by 

d 2 + {d 2 _Y n' (e+ ■ d-Y' + e_ • d + Y')} 

-d 2 _{d 2 + Y^'{e + ■ d^Y' + e_ • d + Y')} + 4<cL(^ ■ d 2 _Y') + etd+i&Y' ■ d 2 _Y') 



^- Y "=-4 a i 92 - Y "-4 



(3.2) 



We can solve this equation iteratively by writing Y^' = Y^'q + Y^'-y where Y^q is a solution 
of the equation of motion of the free theory. The result is 

^Q-Yx = 4^(e^9 + F ^y '+e^^ (3.3) 



Substituting this in eqn^J^l) one sees that to order R 2 one gets the manifestly holomorphic 
representation 

T'__ = — e_ ■ <9_Y ' - ^d-Y< ■ d_Y ' - |e + ■ d 3 Y ' 

- 2 A e+ . d 3_ Y >e + • a_Y ' - 2-^(e + ■ d 2 _Y>) 2 , (3.4) 

whence we obtain the Virasoro generators with higher-order corrections, 

R 1 R 

m=— oo 

a/? e n 2 , _ p c a 2 n 2 . / / 

m=— oo 

where = e + • (and likewise for Lo)- 

Therefore L' has no corrections at either R^ 1 or R~ 2 order. It is important to note 
these corrected generators still satisfy eqn.([2.S|) when eqn.( |2.7D is used. It then follows that 
all the terms in the ground state energy and the excited state energies, inclusive of the 
order-i? -3 term, are identical to those in the Nambu-Goto theory. 

4. An all order analysis? 

It is desirable to be able to carry out an all order extension of the above mentioned results. 
Such an analysis, for example, is crucial for a detailed comparison between effective string 
theories and numerical simulations. A generalization of the formalism in || requires not 
only finding the action to the desired order, but also determining the appropriate conformal 
transformation laws under which it is invariant. Such an approach becomes tedious and may 
be hard to make it systematic. We have achieved this generalization through a formulation 
wherein the transformation laws are independent of the particular action chosen We 
describe an important clue that led to our formulation. 

Recall that the PS proposal for the leading correction was based on the Liouville 
action(whose precursor is the Polyakov action for two dimensional quantum gravity []|]) for 
subcritical strings 

Suou = / dr + dr- 8+08-0 (4.1) 
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They replaced the conformal factor by the component L = d+X ■ d-X (in the conformal 
gauge) of the induced metric on the world sheet. They also replaced (26 — D)/12 by a 
parameter j3 which was determined by requiring the vanishing of the total central charge 
in all dimensions. 1 . These steps would have actually led to the total action 

Stat = S$ + 5(2) (4.2) 

where 

S(2) = -^J dr dr | {d+x d _ x)2 j. (4.3) 

The important clue is that 5(2) is exactly invariant under the conformal transformations 

S° ± X^ = e ± (T ± )d±X». (4.4) 
under which the leading action So is also exactly invariant. If we write 5(2)) as 

{2) = 4^ J 2 2 = L 2 ( } 

it is easy to show that 

5°_L 2 = d-(e-L 2 ) + d 2 _e-d+\nL (4.6) 

The first term is what one would have expected if L 2 had transformed as a scalar density 
under eqn.(4.4). The second term is a departure from this. We shall explain this important 
point later. It should however be noted that the additional term can be rewritten as 

d 2 _e~d + \nL = d + {d 2 _e~ \nL) (4.7) 

ensuring the invariance of 5(2). 

PS obtain their eqn.( |2.l[) by dropping terms proportional to d-\ X^ (the EOM from 

the free action So). The compensating infinitesimal field redefinition connects eqn^^) to 



eqn.( |2.3| ). The algebra of the PS transformations of eqn^^) is 

l5 PS ^),5 PS (e 2 -)] = 5 PS (e u ) + (D(R-% (4.8) 

where ej~ 2 = e i~^- e 2 — e 2 d- € i ■ On the other hand, the algebra of the transformations of 
eqn.flOD is 

[5 _(e^,5 _(e 2 )}=S°_(e u ). (4.9) 

Thus both generate the same group of symmetry transformations, namely the conformal 
group. While the PS transformations realise this only approximately, to 0(R~ 4 ), the 
transformations ( |4.4| ) leaving 52 invariant do so exactly. 

Therefore we have a candidate action 5( 2 ) that can in principle be expanded to arbitrary 
orders in R , and which is exactly conformally invariant. In this paper we use this 
particular action to study the issue of spectrum to all orders. We call 5( 2 ) an effective 



1 They eventually found (3 to be just the same as in the Liouville theory. NDH thanks Prof Hikaru Kawai 
for explaining why this had to be so. 
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string action of the Polyakov-Liouville type due of its obvious connection to the Polyakov 
and Liouville actions. 

It is very important to emphasize that such an analysis does not address the issue of 
the spectrum to all orders of all conformal effective string theories. The importance of 
our analysis is twofold; on the one hand it would throw light on the possible nature of 
corrections to all orders, and on the other hand it would address the issue of corrections to 
the spectrum of all effective string theories to order R~ 5 when combined with Drummond's 
result that there are no candidate effective actions at orders R~ A , R~ 5 . We carefully discuss 
the latter point in the section |8[ 



5. All order analysis of Sp) 

Our analysis begins with a derivation of the EOM and T corresponding to the total 

action Stot of eqn. (|4.2| ). We remind the reader that for generic actions these are given by 

the second part of which is obtained by treating the symmetry parameter e(r~) as de- 
pending on t + and deriving Nother Theorem as usual. The following relation between the 
off-shell T and E^ is an important one: 

d+ T__ = -2itE • d^X (5.2) 

The explicit expressions for the EOM and T resulting from Stot are given by: 

47r£7" = -^d + ^ - f3\2Z d+-X^ + d+Z + d_Z d+X^} (5.3) 

Z = ^ d + Ld^L - 2 d -±±- (5.4) 

T__ = —^X ■ d^X - P[2— - 3 d - Ld - L - d-X ■ d-XZ] (5.5) 

It is easily seen that eqn.( |5.5| ) is not manifestly holomorphic, a difficulty we had encountered 
earlier in our R~ 3 order analysis(see the discussion after eqn.fl3.1|)). There we had inte- 
grated the EOM to the required accuracy and substituting the solutions to the EOM had 
shown that the on-shell T'__ was manifestly holomorphic. Drummond had circumvented 
this difficulty through an appropriate field redefinition. We adopt a different strategy now 
as integrating the full EOM to all orders is a very difficult task and, as we shall see, 
unnecessary. We now introduce the decomposition 

X" = X% + F»(t + ) + &{t-) + H»(t+,t-) (5.6) 

where F, G are anti-holomorphic and holomorphic functions respectively. It is important 
to note that F, G can not have any polynomial parts; this follows from the linearity of the 
boundary conditions. H is purely non-holomorphic and by construction it does not have 



-7- 



any purely holomorphic and anti-holomorphic parts. The advantage of introducing such a 
function is that solutions to equations of the type 



d ± H^ = d ± W 1 (5.7) 

have the unique solution = W*. It is clear that eqn.( |5.3| ) can be recast in the form 

3+ = P£_ (5.8) 

On using the explicit form of Pft _ it is seen that H is of order R~ s and higher. The form 
of the full EOM given in eqn. (|5.8] ) can be iteratively solved to give H in terms of F+, Gr- 
and their higher derivatives( here F + = d+F,G- = d-G. Additional i-indices indicate 

corresponding higher derivatives). Now using using eqn, Q5.6| ), the off-shell T of eqn.([ 

can be split as 



nil 



(5.9) 



where T™^ is purely non- holomorphic in the sense that it has no holomorphic parts(it 
can however have anti-holomorphic pieces and likewise T ++ can have holomorphic parts). 
Using eqn.(5.2) we can uniquely extract T™^ and substituting that in eqn.( |5.5| ) determine 

Th— unambiguously. The upshot of this is that the on-shell T can be obtained by simply 

setting T™^ = 0. We simply quote the final all order result: 



R 

T — = — e_ 



G. 



P rn d—L h 
2 [2 L h 



t d-L h d-L h 



where 



R 2 



+ 2Re+- G- 



(5.10) 



(5.11) 



is just the holomorphic part of 

(GL + HJ) + R e_ • (F+ + H+) + (F+ + H + ) ■ (G_ + fll) (5.12) 
We now expand eqn.( ^.lO ) as a power series in 



R 2 

L = -— + Re. 



R 



1 



2/3 



-^e- ■ G- + -rG_ • G- + -£e+ ■ G 



p=2 



2a 2 " ~ ' R 



P\ p) d—(e+ ■ G-Y + e+ . G ( e+ . G _)P-i 



with 



M _ 3/3 2P 

ft "17 



-/3 2P- 1 



(5.13) 



(5.14) 



6. Properties of a class of T_ 



The T of eqn.( 5.13 ) is by no means the most general. It is sufficient for the purposes of 

this paper to consider a somewhat larger class of T , which however is also not the most 
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general class: 



r =, 1 = = = 

— e_ • G_ + — G_ • G_ + -^e+ • G 



+ 5> 

p=2 



2a 2 R 



/ 3j pj d__(e+ • G_) p + 4 Pj e+ • G— (e+ • G_) p ~ 1 



(6.1) 



Except for the part coming from the free theory, given by the first two terms, the stress 
tensors of eqn. (pTIaD and eqn.( |6.lD are entirely made up of e+ and —derivatives of G_; since 
each term has to have exactly two net —indices, the most general terms of this type are 

the ones shown in eqn.(|6.1|). The T associated with our Polyakov-Liouville type effective 

theory is given by pO) = 2/3 and the remaining coefficients as in eqn.( |5.14| ). Now we prove 
some important properties of stress tensors belonging to this class. 

6.1 Field redefinitions maintaining the class 

We consider the class of small field redefinitions which too depend on e+ only. Now each 
term must have only one net —index. It is easy to see that the most general field redefinition 
of that type is given by 

,-,2 



G'_ 



°- + < R 2 



7 



(i) 



e+-G^__+^ R- p+1 U{ p) (e + -G_) p +7^ e+-G___ (e+.G-)^ 1 

p=2 ^ 



(6.2) 



An important consequence is e+ • G'_ = e + ■ G_ because e + • e + = 0. This means eqn.(| 
is easily inverted: 

„2 



G. 



G'_ 



R 2 



7 



(i) 



e + -G'___+Y, R~ P+1 \li ] d— (e + -G'_) p +4 P) e + -G'___ {e + -G'_f- 1 

p=2 ^ 



(6.3) 

Also the transformations of eqn. (6.2) form an Abelian Group. It can easily be shown that 
under a transformation given by eqn.(|6.3j), a T of the type in eqn. (6.1) parametrised by 



{p[ k \ /?2^}(we shall henceforth follow the convention that = f3. 



(i) 



v(l) • 



gets mapped to a T'_- with parameters {p[ k ^ , 0^ } given by 



7 2 



(i) 



0? y 


= p[ k) - 


(k) 

2 




= # - 


(k) 

72 

2 



+ 



2 (fc-i) 
-7i 



. (fc-l) . (k-l) 

+ 7i +7 2 



(6.4) 



In eqn. (| 



k > 1 and 7^ = 72°^- The 7's can be solved for uniquely: 

7 a) = 7 (D = 2(tf )_ tf )' ) 



(6.5) 



and for k > 2, 



7i 



(*) 



fe(jfc 



2 jyE 21 ^- 1 )^-^') 

' i=2 
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7 f = 2 ^ 7 W + 2 k 2 1 - i G9 2 W) - + 7? _1) ) (6.6) 

i=2 

7. Virasoro Generators and Spectrum 

With the mode expansion G^ = a a m e~ tmT the oscillator representation for the 
Virasoro generators L m corresponding to eqn.( |5.13 ) is given, after normal ordering, by 



R 1 2apm 2 (5 . 

L m = — e_ • a m + - '■ ®m-n ■ ot n : — e+ ■a m + — O m ,o 

CL _■ it Zi 

n 

- 1 E Yir E fl e + °* w {3m 2 - e ^} (7-D 

p=2 n\..n v i=l i 

A suitable commutation relation has to be found between the quantum operators {«m} 
that would result in Virasoro algebra for L m . Though satisfies the free equation, it 
would be incorrect to invoke the canonical commutation relations of eqn. (U) . In fact it 
is easy, though tedious, to verify that they do not reproduce the correct Virasoro Algebra. 
In fact, any holomorphic field redefinition of G^ 1 also satisfies the free EOM. Therefore the 
best we can expect for [om,aJ^,] is one that under a suitable field redefinition would take 
the form of eqn. (2. 7). After some algebra it can be shown that the required commutator is 

2j3a 2 



>4,av] = mrf v 5 m+m >fi + e^e+ -^-mm'{m - m!) 

+ E k ^ k l E 5 E ni,m+m' J{ e+ " S 
k=2 {m} I 



J m+m' ,0 



(7.2) 



This precisely reproduces eqn. (2. 8) which also shows that our extended theory is also 
quantum mechanically consistent in all dimensions after the choice of eqn.( |2.9D is made. 

The quantisation procedure outlined earlier implicitly relies on certain consistency 
conditions on the oscillator algebra; these are [L m ,ag] = for m > 0. A sufficient 
condition is [cCq, am] = for m > 0. Relations of eqn. (|2.7|) indeed satisfy these. There 



is no guarantee that general ccr's even when they are reducible to eqn. (2/7) under field 



redefinitions would satisfy these. However, the commutators of eqn. (7^) do satisfy these! 
Before proceeding we emphasize two important properties: [e+ • oi m , e+ ■ ct m i } = 0(for all 
m,m') and [ctm,e+ ■ a n ] = me+5 m - m '. Because of the first of these relations the factor 
ordering issues in the new L m J s are the same as in the free theory. 

It also means that in the field redefinitions of eqn.( |6.2D , now viewed as redefinitions 
among oscillator operators, there are no factor ordering issues. This has the deeper im- 
plication that the equivalence under field redfinitions theorem of classical field theory can 
now be taken over for the class of quantum field theories considered here. In particular, the 

entire class of T in eqn. (|6.l| ) represents just one physical theory because of the results 

of section |(| 

One immediately sees from eqn.( |7.1[) that the ground state energy to all orders in 
R^ 1 is exactly the same as in free bosonic string theory. The analysis of the spectrum of 
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excited states based on eqn.(|7.1|) and eqn.(7.2) is however more involved. In principle, with 
such generalized commutation relations even the orthogonality of different multiparticle 
states is no longer guaranteed. However in this particular case such problems are not 
there though sector-wise transformations in target space have to be carried out to realise 
full orthonormality. We approach the problem of the spectrum to all orders somewhat 
differently. 

The Virasoro generators corresponding to eqn. (|6.l| ) can be written down: 



- R _ 1 ^ _ ap^m 2 

L m = — e- ■ a m + - '■ OL m - n ■ a n : — e+ • a m H — — d m ,o 

n ~ 

- E(^) P E II e + »,,» cp? - 2 + ^ E »?> ( 7 - 3 ) 

p=2 n\..n v i=l I 

We now ask how the parameters {P^\ p[ p \ P?} of eqn.( |7.3| ) get restricted if we require 
that one gets the Virasoro Algebra of eqn,([2. §j) when eqn.( |2.7D is used for a m - 



[a m ,a»] =mt u 5 m ,-n (7.4) 
We have shown that all the parameters of eqn.(^^) get determined according to 

p)={3 p^=p^l 0&=o (7.5) 

It is worth recording the associated L m ,T : 

T' — — ' J- l \ ' / . .P C 

-L m — e_ a m + ^ / j ■ a m-n ' a n ■ ' 2 m >° 

n ~ 

^ e +- a rn-—2^-^ E [[ e + a ni <*E 3 ■ n j<m (7-6) 
p=2 ^ n\..n v i=l 



r -- = l e - G -' + i G -'- G -'-f B - h ^~ 2 ^ 



These expressions when expanded to order R~ 2 precisely reproduce eqn.(^) and eqn. (fTj) . 
From the results of section ^ we can read out the parameters in eqn.( |6.2[ ) that corresponds 
to the unique field redefinition mapping eqn.( |5.10| ) to eqn.(|7.7|): 

7 « = 2/3 7 f } = 2 k p 7 ? } = (7.8) 



Not surprisingly, the same redefinition also maps eqn.( |7.2| ) to eqn. Q2.7p ! 

One sees immediately from eqn.( [7.6|) that the operators L' (L' ) are identical to their 
free field expressions. With the oscillator algebra also remaining of the same form as in 
eqn, (|2.7j) , the spectrum of all states in the Polyakov-Liouville type effective theory, to all 
orders in .R -1 , is exactly the same as that of the free bosonic string theory. 
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8. Discussion and Conclusions 



In this paper we have first constructed an effective string theory, called the Polyakov- 
Liouville Type by us, which is exactly conformal invariant to all orders in the small param- 
eter Rr x . This is a significant extension of the original work by Polchinski and Strominger, 
and later, by Drummond and us. The form of the transformation laws is as in the free 

theory. We are able to carry out the analysis of T , the EOM, the Virasoro Generators 

and their associated oscillator algebras and the spectrum of the theory to all orders. We 
have shown that to all orders the spectrum of the Polyakov-Liouville type theory is the 
same as that of the free bosonic string theory. It, like the original PS-theory, is quantum 
mechanically consistent in all dimensions. 

It should be stressed that we have not analysed the spectrum of arbitrary classes of 
effective string theories of the PS-type. However, Drummond ||] has argued that there are 
no additional candidate actions even at R~ 4 , R~ 5 levels. If so, the results of our paper 
would imply that the spectrum of all conformal effective string theories would be the same 
as that of free bosonic string theory(Nambu-Goto action) to these levels. Aharony and 
Karzbrun 17] have claimed that this is so for d = 3, but for higher dimensions they claim 



that there are potential corrections. The situation is somewhat reminiscent of the analysis 
at R~ 3 order; while the PS-approach suitably generalised as in ||, § had shown the absence 
of corrections for all dimensions, according to the Liischer-Weisz analysis this was so 
only for d = 3. These differences need to be narrowed in future analysis. The covariant 



calculus developed by us [16] would be the way to bridge the Polchinski-Strominger and 
Liischer-Weisz approaches. Much work needs to be done along these directions. 

On the other hand, Drummond had invoked dropping terms proportional to leading 
order EOM. If such terms are dropped by performing suitable field redefinitions, issues that 
had been raised in [12] for generic field redefinitions will have to be carefully analysed. Of 



course, the kind of field redefinitions implicitly used by Drummond may also turn out to 
be benign as the field redefinitions used in the current work. It could also be that certain 

terms proportional to X can be dropped for other reasons without doing any field 

redefinitions at all. 

Acknowledgments 

Both NDH and YB gratefully acknowledge the DAE Raja Ramanna Fellowship Scheme 
under which this work was carried out, and CHEP, Indian Institute of Science, Bangalore, 
for their facilities. NDH wishes to thank Hikaru Kawai, T. Yukawa, Ashoke Sen, Vikram 
Vyas and Gunnar Bali for many valuable discussions. We thank all members of the Working 
Group on QCD-Strings at the International Workshop StrongFrontier 2009 for stimulating 
discussions. 

References 



[1] G. S. Bali, Phys. Rept. 343 (2001) 1 



[2] J. Kuti, Lattice QCD and String Theory, PoS(LAT2005) 001. 



- 12 - 



[3] A.M. Polyakov, \Phys. Lett. B 103 (1981) 207 



[4] M. Liischcr, K. Symanzik, P. Weisz \Nucl. Phys. B 173 (1980) 365| ; M. Liischer, \Nucl. Phys. B 
180 (1981) 317. 



[5] O. Alvarez, \Phys. Rev. D 24 (1981) 440| ; K. Dietz, T. Filk, \Phys. Rev. D 27 (1983) 2944 

[6] J. Polchinski and A. Strominger, Effective String Theory, Phys. Rev. Lett 67,1681(1991). 

[7] J.F. Arvis, Phys. Letts. B127 (1983) 106. 

[8] J.M. Drummond, Universal Subleading Spectrum of Effective String 27ieon/,hep-0411017 

[9] N.D. Hari Dass and Peter Matlock, Universality of correction to Luscher term in 
Polchinski- Strominger effective string i/ieories,hep-th/0606265. 

[10] J.M. Drummond, Reply to hep-th/0606265,hep-th/ 0608109vl. 

[11] N.D. Hari Dass and Peter Matlock, Our response to the response hep-th/0608109 by 
Drummond, hep-th/0611215. 

[12] N.D. Hari Dass and Peter Matlock, Field Definitions, Spectrum and Universality in Effective 
String Theories, hep-th/0612291. 

[13] F. Maresca, Comparing the excitations of the periodic flux tube with effective string models, 
Ph.D Thesis, Trinity College, Dublin, 2004; J. Kuti, unpublished. 

[14] N.D. Hari Dass, Pushan Majumdar, High accuracy simulations of d = 45t/(3) qcd-string, 
PoS(LAT2005) 312; N.D. Hari Dass and Pushan Majumdar, String-like behaviour of 4~D 
Yang-Mills flux tubes, JHEP 0610:020,2006; N. D. Hari Dass and Pushan Majumdar, Phys. 
Letts. B658: 273-278, 2008; N.D. Hari Dass and Pushan Majumdar, Subleading properties of the 
QCD fluxtube in 3-d SU(2) LGT, Proceedings ol Lattice 2007. 

[15] M. Luscher & P. Weisz, JHEP 0109 (2001) 010; M. Luscher & P. Weisz, JHEP 0207 (2002) 
049; M. Luscher & P. Weisz, JHEP 0407 (2004) 014. 

[16] N.D. Hari Dass and Peter Matlock, A Covariant Calculus for Effective String Theories, 
arXiv : 0709 . 1765[hep-th]. 

[17] O. Aharony and E. Karzbrun, JHEP 0906:012, 2009. 



-13- 



